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Abstract

The theory of gauges and connections in the principal bundle formalism is reviewed.
The geometrical aspects of gauge potential, such as curvature are explored. Finally,
gauge field theories such as the Yang-Mills and General Relativistic theories are re-

viewed in terms of connections.

1 Introduction

Physical systems exist independently of the mathematical objects used to represent
them. It often happens that these objects expose additional degrees of freedom that the
physical system is insensitive to. These parameters, which do not enter the predictions
of the theory, are known as gauge parameters, and theories that contain such parameters
are known as gauge theories. The existence of these degrees of freedom may nevertheless
have important physical consequences to the theory.

Gauge parameters arise in classical mechanics, although their treatment here is
more subtle. For example, we often use an absolute spatial coordinate z* to describe
the position of a particle. However, if the Lagrangian of the system does not de-
pend explicitly on 2%, then we say that the system is invariant under a transformation

' — '+ Az'. 1t follows from the Euler-Lagrange equations of motion that canonical



momentum p; conjugate to z* is conserved:
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Similarly, if the Lagrangian does not depend explicitly on the absolute polar angle ¢,
then the system is invariant under coordinate rotations, and the angular momentum p,
conjugate to ¢ is conserved. In general, the existence of a conserved quantity arising
from the invariance or symmetry of a system under a group of transformations is
known as Noether’s theorem. It finds broad applicability outside of classical mechanics,
especially in quantum mechanics and particle physics. For example, the invariance of
the wavefunction under a global U(1) phase transformation gives rise to conservation
of charge [Ryder, 1985]. As will also be seen, turning the invariance into a local one

also gives rise to the existence of electromagnetic theory.

2 Mathematical Preliminaries

2.1 Motivation

The gauge formalism is usually encountered in the study of fields. More formally,
given a fibre bundle over a manifold M, a field is a cross-section of the bundle, i.e., a
continuous map from an open subset of M to points in the fibre bundle. To each point
on the manifold, an element of the fibre at that point is picked out. In addition to scalar,
vector and tensor fields, quantum field theories also make use of spinor fields, where the
fibre elements are spinors. In general, fields will transform in a specific manner upon
transformations of the manifold, and the components of the field may also transform
into each other independently of the manifold. The latter type of transformation gives
rise to internal symmetries of the field, and is the type of gauge transformation normally

considered.



While we can at any point in the manifold transform the internal components of
the field in any way that is consistent with the symmetries of the field, there is no
direct way to carry such a transformation over to a neighbouring part of the field,
since the values of the field at dilerent points reside in dilerknt spaces altogether.
What is needed, then, is a means by which to relate transformations at di Lerknt points
on the manifold, and, in doing so, relate elements of the fibres at these points. This is
accomplished by a connection, and is most clearly introduced in terms of the principal

bundle formalism.

2.2 The Principal Bundle

Given a fibre bundle E = M with a fibre F and a base space M, let G be its
structure group, i.e., a Lie group which acts on F on the left. For instance, if E is the
tangent bundle T M then G is the general linear group Gl(n,R) of n x n real, invertible
matrices that transform tangent vectors in 7,M into each other. We can then define
the principal bundle P = M over M as a fibre bundle with the structure group G as
its fibre [Nakahara, 2003].

Now if we pick a particular element ¢ € G, at a point p € M as our gauge
transformation', then we can ask how ¢ should vary as we move away from p. Since
group elements at dilerent points in M reside in dilerknt fibres of P, there is no a
priori way to relate them, so it is necessary to introduce the concept of a connection:
given a curve ~(t) : [0,1] — M and a point uy € P, a connection allows us to define
the horizontal lift 5(t) : [0,1] — P of ~v(t) where 5(0) = uy, i.e., a way to lift curves
on M to curves in P. We can then speak of uq as being parallel transported along the
curve ~, tracing out points on 7 as it is moved.

In order to make the notion of a horizontal lift more concrete, we need to decompose

the tangent space T, P of P at a point u € P into a subspace V,, P which is tangent

!Technically, a gauge transformation of the first type.



to the fibre G, at u, and its complement, H, P. These are known as the vertical and
horizontal subspaces respectively. The parallel transport of the fibre at p = 7 (u) to the
fibre at p’ = 7(u’) can be defined uniquely by requiring that the curve 5(¢) connecting
u and u/ remain tangent to H,P at any point v along the path [Nash and Sen, 1983].

One way to visualize the decomposition of the principal bundle into horizontal and
vertical subspaces is to think of a ball rolling over a curved two-dimensional surface,
where the group of rotations of the ball at a point forms the group G that acts on the
rigid tetrad attached to the ball. The orientation of the ball at any point is given by
(Z,9,2) = (970, 950, 920) Where (Zg, Jo, Z0) is some reference orientation, and g is some
element of G. We can therefore think about ¢ as being the orientation of the ball at a
particular point, so that the complete configuration at a point with coordinates = is
simply (z¢, g(=®)). A curve 5(t) through the configuration space has a tangent vector
at any point p that lies in T, P where u = v(t) € 7~ !(p). The vertical subspace V, P
at u is formed by all tangent vectors of the form %%. If we apply a constraint upon
g(x®), for instance by requiring that the ball roll without slipping, then the horizontal
subspace H, P forms the space of all allowable “velocities” (z%, g) [Yamashita, 2002].

While V,, P can be found uniquely, it is the function of the connection to determine
H,P. To that end, we define the Lie algebra valued 1-form w, called the connection
1-form, with the property that w(X) =0 if X € H,P. Let g € GG be an element of the
fibre at . Then,

w=g 'dg+g 'Ag, (2)

where A = Af\,dz” is a Lie-algebra valued 1-form known as the gauge potential 1-
form, and )\, are the generators of G at u. Now, the basis of V, P is %ﬂ_ by definition.

- 6 a -
Let the basis of H, P be 5 + C,“-j% for some unknown C;;. Then any vector in
T, P can be written as

0 0 0
XIXZ']'@+X“ <W+ijagij>. 3)



But if X € H,P, then (X) =0, hence X;; =0 and C;; = — A} Auirgrj. With H, P

constructed, we find that the vectors

o )
Dp, = 8? - AM)‘aikgkj@ (4)

form a basis for H, P, and we can write the tangent to any curve 5(t) at u as X*D,

where the tangent to the curve (t) at w(u) in M is X#52; [Nash and Sen, 1983].

2.3 The Covariant Derivative on the Tangent Bundle

With the connection defined on the principal bundle P, we can obtain the connection
on the tangent bundle T M, since this is an associated vector bundle of P, i.e., the
structure group of T'M is the fibre of P (nash). We can obtain a horizontal lift vy 4 to
T M from the horizontal lift vp to P. Given a tangent vector X from one of the fibres
in T M, and an operator g € GIl(n,R), gX is another tangent vector in the fibre. We

can therefore define a horizontal lift v to T M by

Yrm(t) = vp(E)X. ®)

To see how vy a(¢) is induced by vp(t), consider

dyrm(t) _ dyp(X _ dat

—D t)X. 6
dt dt ai e ® ©
Denoting Y = 42° 0. = y#_ 2 and Z = yp(t)X = Z" 5%, this can be abbreviated as
VvyZ. Now,
0 0
D, = -2 — Aty g2 7
B Quam “ g@g ")

which, in local coordinates where g = g/ and A/‘j)\a = A" , becomes

BK?

0 0

®



Hence,

0 0 0
Z=YH*| — — A" ¢ — | g9 XP—
VY <0x“ “”g)‘ag”> 0a”
04° 0
=YVH _AY osAXP |~
(5 - Aoz ) 2
0z° 0
A° X)\ Y
<8:L‘“ urI > ox°
=Y* <8Z —Aj, Z’””> 0 9
Ox°”
Making the identification AZ Ffm, the convential covariant derivative on the

tangent bundle is obtained [Nash and Sen, 1983].

2.4 Curvature

Since %’i(t) = X*D,~(t), we can Taylor expand 7(¢) around some point in order to
see how it varies in the neighbourhood around that point. Let the curve lying in M

be parameterized by ¢ so that X* % = 4. Then

7(t) = exp(tX"D,)7(0), (10

defines the parallel transport of 4(0) along the curve in M. Consider a closed loop
ABCD in M formed by the intersection of two congruences with tangents U = % and
VvV = %. Let U and V be part of a coordinate basis, so that [U,V] = 0. Then
the value of 5 after parallel transport along the curve ABC is given by Fapc =
eANUHDu AV D) - Similarly, the value of 5 after parallel transport along the curve

ADC is given by F4pc = e2V*DueAAUYDvz(0), If we take the limit as Aa, AN — 0,



then to first order in Aa and AN,

YaBc —Yapc = (L+AXNU"D,) (1 + AaV¥D,)7(0)
— L+ AaV¥D,) (1 + AAUFD,)7(0),

=A\Aa[U"D,, V¥ D,]5(0). (1)
If we use A\, a as our coordinates, and write U*D,, = D, etc, then
YaBc —Yapc = ANA«[D)y, D,]75(0), (12)

so that the term [D,, D,] measures the failure of 5(0) to be parallel transported along
the loop, and is therefore a measure of the curvature of the connection [Schutz, 1980,
Nash and Sen, 1983].

Denoting the quantity )\ag(.% by R,, we can express the curvature as
[Dua Du] = —ngRa, (13)

where

Ff, = 0,A% — 0, A% + fopALAD (14)

where f,;. are the structure constants of G 2. We can define the curvature 2-form F
as

F = F% A\ da* A da”. (15)

Since AAA = A%\ da# A ADNda” = A% AD[A,, Mplda# Ada” = A% AL fop A dat Ada?,

we can write F in the compact form

F=dA+AAA, (16)

2That is, [Aa, Ao] = fabeAe



or in terms of w,

F=g¢g(dw+wA w)g_l,

= ¢Qg~ ! (definition), (17)

(see appendix).

2.5 Noether’s Theorem

To see how symmetries in geometry can give rise to conserved quantities, consider the
Lagrangian density £ of some scalar field ) that depends on ¢ and 9,,¢, as well as z*.

The action is given by the integral of £ over the manifold M:

S[y] = / d"zL. (18)

We consider such fields ¢ for which §S[)] = 0. Consider an infinitesimal transformation
of ¢ generated by a functional derivation @ such that Q[£] = 0, f*. Then, on any

submanifold N,

Q| [ ac] = [ (55 Qi+ sp=som.a
= /N I (gﬂ}) O] + a(ff SOl
i
T, or
- /Nd g (aw G [8@@]) Qb1+ [8(8 1/})@[1“]
[ e (P _5 | 9L >
‘/N“(a On [8@@])@”’] /aNd “a@w)QM

(19)



where in the last step Stokes’ Theorem has been applied. The first integrand vanishes

since 1 is a solution to the Euler-Lagrange equations. Therefore,

o (5@ - ) =o. 20)

and thus the continuity equation for the current density J* = c'w Q[w] fH
obtained. If the infinitesimal transformations form a Lie group, then we may write
QY] = iT,y where T, is a generator of the group. If the action is invariant under the

group, then to each generator 7, there is a corresponding current,

L_ OC
=5 509 = T (21)

3 Examples of Gauge Theories

3.1 The Klein Gordon Scalar Field

To see how connections arise in field theories, consider the Klein-Gordon equation

which describes a scalar field ) with mass m [Ryder, 1985]:

(V. V" = m?) ¢ =0. (22)
The Lagrangian that gives rise to this equation is

= (V') (V1) = mPely. (23)

Varying £ with respect to ¥ yields the Klein-Gordon equation, whereas varying £
with respect to ¢ yields it’s complex conjugate. Any global U (1) unitary transformation
of the form 1) — ¢'®1) leaves the form of Eq. 22 unchanged, and furthermore preserves

the normalization of «». Such a transformation is merely a change of internal coordinates



on the complex unit circle, and should not a [edt the measurable properties of the field.
However, there is no a priori reason to require that if one transformation is applied
at one point in space, then the same transformation must be applied at another, and
a “rigid” transformation of the form ¢ — ¢4 is certainly not the most general. To
that end, we allow ¢ to vary over spacetime and become ¢(x). Upon transformation,

the quantity V1 = di) becomes

d(we'®) = (dy)e’ + iyh(dg)e™. (24)

[Kaku, 1993, Ryder, 1985]. In order for Eq. 22 to remain unchanged, we need to
replace d with D,, = d — iA,,, where, upon the transformation 1) — e®, we require
that A, — A, + d¢. Note that here D, refers to the induced covariant derivative on
the fibre bundle rather than the covariant derivative on the principal bundle, because

V. has already been used. Then

(d—iA,) ¢ — (d—iA, —idp) e
= () + igp(dg)e’ — iA, e’ — i(dp)pe’®
= () + igp(dg)e’® — iA, e’ — i(dp)pe’®
= (d —iA,) v, (25)

i.e., D, — €D, and we obtain a form of the Klein-Gordon equation that is gauge-
invariant:

(D,D* —m?) ¢ = 0. (26)

The term A, is known as a guage connection for the gauge transformation. In analogy
with di Lerkntial geometry on the tangent bundle, we can also speak of the curvature

of the gauge connection, i.e., the failure of ¢ to be parallel transported along a closed

10



loop:

(D,LLDV - DVD,u)w = [D,LwDu]w = F,quvb- (27)

Since d? = 0, the curvature is gauge invariant, and is also a tensor. We began this
discussion with the assumption that Eqg. 22 held true, so there exists one global trans-
formation in which A, vanishes everywhere. Therefore F),, is zero also, and the Klein-
Gordon equation is gauge-flat. However, if we regard Eq. 26 as more fundamental,
then F},, need not vanish. Indeed, Eq. 26 is the general form of the Klein-Gordon
equation of a charged particle in an electromagnetic field where the canonical momen-
tum is ppy =p+ q/_f. We can therefore regard the electromagnetic potential 4-vector
to be the connection on the U (1) bundle, and the Faraday tensor to be its curvature.

The Lagrangian density that gives rise to the free (gauge invariant) Klein-Gordon
equation is

Liocar = (DF4p)(D0) — m2yTop, (28)

which can also conveniently be written as

Liocat = 0" (Dyb) (D) — m*pTep. (29)

Note that £, has introduced additional terms to £ that involve both A* and . If
we view 0, as the correct derivative of v, then these extra terms may be interpreted as
an interaction between 1 and the gauge field, in the same way that a particle in freefall
in curved spacetime appears to be under the influence of a force due to the curvature
of the I'g7 terms. However, as is the case in GR, it is more fruitful to consider L cq
as a free Lagrangian.

To see what quantities are conserved due to the symmetry properties of Locq; , We
can make use of Noether’s theorem. The generator of the U(1) transformation ) —

€%y is simply ¢, the electric charge operator, and Q[¢] = iqy» while Q[vT] = —iqy'.

11



Therefore, the invariance of £;,.,; under U(1) yields the following current, from Eqn ?:

_ 8‘Clocal . 8Elocal . +
R ORD N TR A
=iq | (D) — T(DH) |, (30)

from which we can immediately see that a real scalar field carries no charge. In order
to make the connection between the gauge and electrodynamics complete, we need to
consider gauge field as a physical object in itself, in the same way that the curvature
tensor arises in the transition from Special to General Relativity. While we require
that the contribution of the gauge field to the Lagrangian be both gauge and coor-
dinate invariant, this is not su Lcieht to single out a candidate. On the other hand,
if we require that the corresponding quantum theory be renormalizable, and that the
Lagrangian be invariant under parity, then the only possibility is of the form F*F),,,.
Note that the gauge field has to be massless, since a term such as myA* A, is not
gauge invariant®. Guided by the electrodynamics Lagrangian in vacuo, we see that the
complete Lagrangian, hereafter just called £, is given by

L= (D9 (D) — ¥yl — I Ey, (31)

or equivalently,

L= (0"p1)(0,0) — iq A (D)) +ig APYT (D) — m*yTy — %F“”Fum

= @W)O) — AT — Ayl — TV E,. (32)

3However, the field can become massive by means of, e.g., the Higgs process.

12



With the Lagrangian in this form we can vary with respect to A,:

oL oL
_ =0
Ou <6(auAy)> o4, =0

9, F" — J¥ = 0. (33)

This result yields the two inhomogeneous Maxwell equations. The other two equations

result from the fact that df},, = 0.

3.2 SU(2) Isospin

We can consider more complicated fields where the associated symmetry groups are
non-Abelian, i.e., non-commutative. Such gauge theories are known as Yang-Mills
theories. The earliest such theory made use of the approximate symmetry of the
proton and neutron in the strong interaction under the exchange of particle species,
i.e., p < n. Such a relabling amounts to an SU(2) symmetry group, and the theory
is known as isospin, in analogy with the SU(2) electronic spin. Since a particle can
be found in one of two states |p) or |n), and may exist in a superposition of these
two states, we may assign to the field, in addition to its amplitude, a position in this
internal isospin space at each point in space.

In order for the theory to be locally invariant under a transformation of the form
1 — exp(ig®oq)w, where ¢ is a set of parameters describing the transformation, and
o, are the Pauli matrices, the covariant derivative D, = 9, —igAj,0, must replace the
ordinary derivative of the field in the Lagrangian. Here g denotes the coupling strength
of the three gauge potentials Aj. Since the SU(2) generators obey [0, 0;] = &;jr0%,

we can write the 3 gauge fields as a single field strength tensor Fj,, given by

Fl, = 0,A% — 0,A% + geap AL AS (34)

13



3.3 SU(3) Chromodynamics

Unlike isospin, which is an approximate symmetry and is broken by the electromagnetic
interaction, the strong interaction is exactly symmetric with regards to interchange of
colour. The quarks may exist in a superposition of the states |r), |g), and |b), and the
Lagrangian is invariant under a relabling of the form r — b, b — ¢, ¢ — r. The quark
field therefore possesses an SU(3) colour symmetry. There is also an approximate
SU(3) flavour symmetry, but this symmetry is broken by the unequal masses of the
u, d, and s quarks. The group SU(3) has 8 generators, which can be represented by
the Gell-Mann matrices )\,. Corresponding to these generators are 8 gauge potentials,
which, when quantized, become a variety of 8 gauge bosons known as the gluons [Ryder,

1985].

3.4 General Relativity

Although the concept of a connection arises naturally when considering the parallel
transport of a vector in the tangent bundle, the treatment becomes more interesting
when we consider non-coordinate bases. Specifically, given a metric g, and coordinate
basis vectors e, = d,,, we can construct an orthonormal basis e; at every point such
that e; - e; = 74. Similarly, we can define a dual basis e® such that e‘i(eg) =dy. The
set of orthonormal vectors e; is known as a tetrad or vierbein [Carroll, 1997]. Following
the convention of Carrol, we use greek letters for coordinate basis indices, and latin
letters for tetrad indices. We can then express our coordinate basis in terms of the
tetrad as follows:

e, = €,€a, (35)

where ez is an n x n invertible matrix. Since the basis forms a set of vector fields,
these fields, together with the base manifold M, form a frame bundle over M. Now,

in addition to general coordinate transformations we can also allow local changes of

14



basis. If we require that our basis remains orthonormal, then the appropriate set of
allowed transformations is the Lorentz group O(1,3), and we may write a change of
basis as

€y = /\Z; €, (36)

where Ab, corresponds to an inverse Lorentz transformation. We can then define the

covariant derivative of a vector in the tetrad basis, in analogy with Eqgn. 9, as

VX% = 89,X% 4w, X°, (37)

where w, % is known as a spin connection, the reason for which will be explained below.
We can write w,“ as a Lie-algebra valued oneform w,’¢;; where ¢;; are the generators
of the Lorentz group.

It is natural to attempt to formulate a general Yang-Mills theory using the curved
spacetime General Relativity in place of flat Minkowski space as the base manifold.
However, while the full Lorentz group naturally admits a representation in terms of
spinors, there are no finite-dimensional spinorial representations of Gi(4,R), the group
that expresses the general covariance of General Relativity. Nevertheless, the tan-
gent space at any point in spacetime is flat and Lorentzian (the key concept behind
the vierbein formalism) and the Lorentz group does allow finite dimensional spinorial
representations.

As a first step towards finding a generally covariant form of the Dirac equation, we
elevate the Dirac matrices from their vierbein components into spacetime components,
thus:

V(") = eq (2)7" (38)

[Kaku, 1993]. Requiring that a spinor transform as a scalar under coordinate trans-

formations (ones which do not alter the vierbein), and as a spinor under Lorentz

15



transformations, we obtain the action of the covariant derivative on a general spinor,
1
v,W= <aﬂ — 4wgbaab> W, (39)
which results in the generally covariant Dirac equation:
("'V,—m)W =0. (40)

The Riemann curvature tensor can then be defined in terms of the curvature of the

spin connection:

[V, VI =~ RiouY, (41)
where
Rzll’, = (%wl‘fb — &,wzb + wzcwl,g — wscwulc’. (42)

If we drop spatial indices we obtain the following compact form:

y = dwy + Wl A wg. (43)

To make the connection compatible with the metric, we can further require that
Ve, =0.

Although Equation 43 casts General Relativity squarely in terms of the principal
bundle formalism, it should be noted that the dynamics of spacetime di Ler from other
Yang-Mills theories in the sense that neither the connection nor the curvature itself
appear as a source for curvature in the Einstein equations. However tempting it may
be to consider spacetime as being background for the physics, the Einstein equations

are nevertheless non-linear so that the connection can interact with itself.
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4 Conclusion

Symmetry has been a powerful guide throughout modern physics, and by combining
the natural symmetries of a physical system with the notion of general covariance, we
are naturally led to consider a larger group of symmetries, and with it, a new set of
conservation laws. Under this general framework, many seemingly disparate systems
have been studied in a unified manner, giving new insight into the physics of these

systems.

5 Appendix

5.1 Proof that dA+ AAA = g(dw +w A w)g?

do =d(gHAdg+d(gH)AAg+g LA (AAg— AAdg),
=—g !(dg)g ' Adg—g ' (dg)g ' AAg+g ' A(DA A g — ANdyg),

(44)
while

wAW= (g 'dg+g 'Ag) A (g 'dg+ g ' Ag),
=g ldgAg 'dg+ g ' dgAg A+ g T AGA g ' dg+ g T AGA gTIA
g 'dgAngldg+gldgAng I Ag+g T AgAgTidg+ g Ag A g Ag,

(45)

17



where upon adding we get,

do+wAw=g¢g 'AdAANg+ g 'AgA g tAg,
= g_ldAg + g_lA A Ag,

(46)

which proves the result.
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