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Abstract

The dynamics of spherically symmetric black holes formed from dust-filled spacetimes

are studied in the context of Hayward’s trapping horizons – 3-surfaces foliated by

marginal 2-surfaces. The relativistic hydrodynamic treatment of Misner and Sharp

[1964] is used in the LeMâıtre-Tolman-Bondi spacetime [Gonçalves, 2001] to model

the gravitational collapse of pressure-free dust with various initial density and velocity

distributions. Trapping horizons are located in these spacetimes and their signatures

examined.
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Chapter 1

Introduction

1.1 Motivation

The unification of quantum mechanics, a theory which describes the interaction of

matter on a small scale, with relativity, which describes the large scale structure of

space and time, has been a pressing goal in theoretical physics since the inception

of these disparate theories. Two contending theories that bridge this gap are loop

quantum gravity and string theory, both promising, yet still in their infancy. A hint

that a deeper, fundamental link between relativity and quantum theory exists may lie

in the study of black holes. Much work in the last three decades has resulted from the

formulation of four laws of black hole mechanics by Bardeen, Carter, and Hawking

[Bardeen et al., 1973]. These laws mathematically reflect the laws of thermodynamics,

suggesting an inherent statistical description embedded within relativity theory.

The study of black hole dynamics has also provided a driving force for numerical

relativity, especially in the study of gravitational waves [Kimberly, 2003] and critical

phenomena [Gundlach, 1999, Choptuik, 1994]. Black holes are also an important

source of new developments in relativistic astrophysics, and are good candidates for
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sources of gravitational waves, which, if detected by observatories such as LIGO and

VIRGO, would provide new methods for testing the theory of relativity as well as

many astrophysical and cosmological models [Kimberly, 2003].

There are still many open questions in general relativity, such as the principle of

cosmic censorship, and the quantum mechanical nature of black holes. When studying

the dynamic behaviour of these objects, a difficulty arises in that the boundaries,

or event horizons, that define them cannot be pinpointed locally, but instead can

only be located after knowing the entire futures of the systems being studied. Thus

the conventional definition of black holes is unsuitable for modelling and numerical

simulation, and this has led to the formulation of a number of alternate definitions of

black holes solely in terms of local measurements. One such construct is the future

outer trapping horizon, as described by Hayward [1994]. Though these definitions

lend themselves to practical study, especially in numerical work, several questions

regarding the theory still remain, including whether these boundaries are always

mathematically well-behaved and physically realistic. Exact solutions are known

only for a restricted set of space-times, including Oppenheimer-Snyder homogeneous-

isotropic collapse, and the Vaidya space-time, which describes a space-time with a

null fluid as the gravitational source [Ashtekar and Krishnan, 2003]. While these

solutions are certainly tractable, there is a definite need to study these horizons in

more general settings.

1.2 Outline

The focus of this work is the study of the evolution of a restricted class of black

holes, namely spherically symmetric, collapsing, pressure-free distributions of matter,

in the context of trapping horizons – 3-surfaces on which the expansion of outgoing
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null rays is momentarily halted. The mathematical treatment that describes the

collapse follows that of Wheeler et al. [1973], and solutions to the LeMâıtre-Tolman-

Bondi spacetime [Gonçalves, 2001] are used to obtain the defining equations for the

trapping horizons.

Trapped regions are located and studied analytically in the well-known Oppen-

heimer Snyder solution as well as inhomogeneous matter distributions. Various den-

sity and velocity profiles are used to locate and investigate the nature of these trapping

horizons, in particular their signatures and causal properties.
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Chapter 2

Theory

2.1 Background

2.1.1 Coordinate Systems

Coordinate Singularities

Although it is inviting to consider the behaviour of moving bodies with respect to

some reasonably stable reference frame, i.e., one that is far removed from any gravita-

tional effects and can be considered to be “at rest”, the very nature of GR allows for

situations in which separate observers may have irreconcilably different viewpoints of

the same event.

The simplest example is possibly the Schwarzschild solution to the field equations,

which describes the vacuum space-time surrounding a massive, spherically symmetric

object. If the object is sufficiently concentrated, so that it lies entirely within its

Schwarzschild radius RS = 2M , then RS defines an imaginary boundary from which

no object or signal can ever escape. From the viewpoint of a distant observer, an

observer moving towards the object will seem to approach the radius R asymptotically,
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never in fact reaching it. If the distant observer were to describe the spacetime by

the time t as measured in his frame, and by the proper circumferential coordinate

r = C
2π

, then he will find the metric to be singular at RS. Additionally, inside the

Schwarzschild radius he will find that the time coordinate t has become spacelike,

and similarly the radial coordinate r has become timelike.

On the other hand, the situation is very different for the observer approaching the

Schwarzschild radius. She will notice nothing peculiar about this radius as she passes

beyond it, and will even find the metric to be regular everywhere except at r = 0.

However, the extreme curvature of gravity has now distorted her future-directed light-

cone so that all signals emitted by her reach the singularity that has formed at r = 0

within a finite lapse of proper time. She is therefore also destined to fall into the

singularity within this time.

The disagreement between the two observers arises because while the distant ob-

server makes his measurements relative to a stationary reference frame, there can

be no stationary frames inside the Schwarzschild radius RS, and so the viewpoint of

one observer takes on a different meaning in the reference frame of the other. The

singularity at r = 2M as determined by the distant observer is called a coordinate

singularity , to distinguish it from the true singularity that exists at r = 0, where

the curvature becomes infinite. The singularity at r = 2M can be eliminated by

transforming r and t into another suitable set of coordinates, such as the position r

and proper time τ of the infalling observer. The true singularity at r = 0 however

cannot be removed.

Co-moving Coordinates

It is often useful to transform ones coordinate system into another coordinate system

attached to some family of infalling time-like or null curves; these are so-called co-
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moving coordinates . Examples of such coordinate systems include Kruskal-Szekeres

coordinates, Eddington-Finkelstein coordinates, which are attached to ingoing radial

null geodesics, and generalized Painlevé-Gullstrand coordinates, which are attached

to timelike observers falling radially inward from infinity[Martel and Poisson, 2001].

2.1.2 Conformal Compactification

In order to properly analyze the geometry of space-time, in particular its causal

structure, we need to consider so-called “points at infinity”. One convenient tool for

analyzing this region of space-time is the Carter-Penrose diagram, in which points

at infinity are brought in to finite distances by a process called conformal compact-

ification [Townsend, 1997]. A conformally compactified spacetime is obtained by a

conformal mapping which defines a new metric by multiplying the original, physical

metric by some scalar field, i.e.

ḡαβ = Ω2gαβ. (2.1)

We can create a Carter-Penrose diagram for the Minkowski spacetime by first

introducing the null coordinates u = t + r and v = t− r, which may be thought of as

left- and right-moving light rays in the spacetime. The metric in spherical coordinates

is then

ds2 = −dudv +
1

4
(u − v)2(dΩ2), (2.2)

where dΩ2 is the metric on the 2-sphere, not to be confused with the conformal factor

Ω2. Making the substitution U = arctan u and V = arctan v, we see that we’ve

mapped the domain (−∞,∞) onto (−π
2
, π

2
), thus compactifying the space-time. The
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new metric is then

ds̄2 = sec2 U sec2 V

[
dUdV +

1

4
sin2(U − V )(dΩ2)

]
. (2.3)

We can transform U and V back into time-like and radial space-like coordinates:

t̃ = U + V and r̃ = U − V . The new metric is then,

ds̃2 =
1

4
sec2 U sec2 V

[
−dt̃2 + dr̃2 + sin2(r̃)(dΩ2)

]
. (2.4)

The space-time parameterized in terms of these new coordinates is shown in Figure

2.1. In the way the Carter-Penrose diagram is normally presented, each point repre-

sents a particular 2-sphere, so that two angular degrees of freedom are suppressed.

One may imagine rotating the diagram around its vertical axis, in which case one

angular degree of freedom may be recovered.

Causal Structure

Some important features of the Carter-Penrose diagram are to be noted. Firstly,

since the mapping that produced the diagram is conformal, i.e. angle-preserving,

in-going and out-going light-rays remain at 90° to one another. The boundary of the

diagram does not actually belong to the original space-time, and is called conformal

infinity . The boundary can be subdivided into 4 regions as shown in the diagram.

The points i+, i0 and i− are known as future timelike-, spatial -, and past timelike

infinity respectively. All timelike geodesics originate at i− and terminate at i+, while

spacelike geodesics both originate and terminate at i0. Therefore i+ and i− can be

thought of the infinite future and infinite past of some timelike observer moving along

a geodesic.
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Figure 2.1: The Minkowski space-time conformally compactified and presented as
a Carter-Penrose diagram. Here t̃ = arctan(r + t) − arctan(r − t) while r̃ =
arctan(r + t) + arctan(r − t). Horizontally directed curves are curves of constant
t, while vertically directed curves are curves of constant r. Left and right-moving null
geodesics (lightrays) are drawn as dashed lines.
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The surfaces I +, and I −, pronounced “Scri-Plus” and “Scri-Minus”, are known

as future- and past null infinity respectively. All null geodesics therefore originate on

I − and terminate at I +.

We can further denote the set J−(p) of all points on the space-time that can send

signals to, i.e. are causally connected to, some particular point p. We call this set

the causal past of p. Similarly, we can denote J+(p) of all points on the space-time

that can receive signals from p, and we can call this set the causal future of p. See

Hawking and Ellis [1973] and Townsend [1997] for a comprehensive treatment of the

causal structure of spacetime.

2.1.3 Event Horizons

With this conformal structure in place, we can analyze the causal nature of the

Schwarzschild space-time. While this is not only instructive, it will prove to be useful

since Birkhoff’s Theorem states that the Schwarzschild metric is the unique spherically

symmetric solution to the field equations in vacuo [Wald, 1984].

Recalling the discussion about the two observers in the Schwarzschild space-time

separated by the 2-surface r = RS, we notice that the 3-surface foliated by these

2-surfaces divides the space-time into two regions: points outside the surface, which

can send signals to I +, and points inside the surface which cannot. The region

outside the 3-surface RS therefore forms the causal past of future null infinity, or

J−(I +). Consequently, the region inside the surface is causally disconnected from

the outside spacetime in the sense that it does not belong to J−(I +). Given our

static Schwarzschild space-time manifold M , we can say that the region inside the

3-surface RS is M − J−(I +). The 3-surface then forms the boundary of J−(I +),

which we denote by J̇−(I +)
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Our prescription that the space-time containing our massive object is static al-

lowed us to identify the 3-surface surface r = RS with J̇−(I +). In general, our

space-time will be dynamic, so that we may not be able to easily determine J̇−(I +),

if at all. However these concepts are still useful to us, so that in general we will call

J̇−(I +) the event horizon, and the region M − J−(I +) a black hole, or the union

of all black holes. The causal structure of a space-time containing a single black hole

is summarized in Figure 2.2 in schematic form.

I +

I -

i0

Singularity

J -(I +)

Black hole

Eve
nt

 H
or

iz
on

Figure 2.2: The causal structure of a black hole is shown here as a Carter-Penrose
diagram, where the event horizon is shown as the boundary of J−(I +). Note that
actual dimensions in this diagram are meaningless, as it is only representative of a
space-time defined up to a conformal factor. Also, since the mapping is conformal,
in-going and out-going light-rays remain at 45° to one another (though they have
been omitted for clarity).
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While the above definitions are certainly precise, in general they are not very

useful. In order to know the extent of J−(I +), we would have to evolve our space-

time into infinity to determine which signals reached I +. Clearly this is impossible to

do. In fact, event horizons are by their nature very non-local objects. Their location

cannot be determined by purely local measurements, or by local knowledge of the

metric.

To illustrate this difficulty, consider a spherically symmetric shell of matter con-

verging towards our location from a great distance. If the shell is massive enough,

so that at some later point in time it will be contained entirely within its Schwarz-

schild radius RS = 2M , then an event horizon, and consequently a black hole will

be formed. (Contrast this with our Sun, for which RS ≪ R , where a black hole

does not form because the entire mass is not concentrated within its Schwarzschild

radius.) We see that if we are presently inside RS, then in order to escape the black

hole, we must reach RS before the shell of matter does. Then, if we are to wait until

the very last possible moment, our future-directed light cone that intersects r = RS,

coincident with the shell of matter will form the beginning of the event horizon. From

that point forward r = RS will constitute the remainder of the horizon. Any points

both inside the light-cone and r = RS will not be able to escape the black hole and

will become trapped.

Since the shell was spherically symmetric to begin with, it will not emit radiation of

any sort, so that its presence will not be known to us through any local measurements.

Then, if the space-time did not evolve any further after the shell reached r = RS,

observers outside this surface would be justified in identifying it as the event horizon.

Otherwise, they too would have no way of detecting any further infalling shells of

matter, so that in effect only hypothetical observers at I + would have the advantage

of being able to pinpoint the event horizon. Clearly, while helpful in defining exactly
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what a black hole is mathematically, the concept of an event horizon is of little

practical use in locating a black hole. In addition, it should be noted that an event

horizon is only defined in an asymptotically flat spacetime, which further restricts the

definition’s usefulness [Hawking and Ellis, 1973]. We therefore need to find a suitable

alternative that can be defined in terms of local properties of space-time.

2.1.4 Trapping Horizons

One particular boundary that captures the idea of a black hole and that can be defined

locally is the so-called Trapping Horizon [Hayward, 1994], defined as the boundary of

a space-time region in which initially divergent light rays eventually converge. This

boundary can be located by investigating the behaviour of light cones in the region.

Consider a sufficiently massive point gravitational source around which an imag-

inary spherical shell is constructed. If at some time a light signal is emitted radially

outward from the sphere, whilst another is simultaneously emitted radially inward

from the same point, then the evolution of these two signals will depend on both the

strength of the gravitational source and their proximity to it. If the signals are emit-

ted sufficiently far away from the source, the outwardly directed signal will initially

move outwardly away from the gravitational source, while the inwardly directed signal

will move towards the source, consistent with our everyday expectations. However,

if the signals are emitted sufficiently close to the source, both the out- and inwardly

directed signals will initially fall inward due to the curvature produced by the source.

Any signal emitted from within this region will therefore be trapped inside it, and

so we define the sphere or 2-surface from which the signals were emitted as a trapped

surface enclosing some trapped region in space [Penrose, 1964, Wald, 1984].

The boundary of this trapped region is defined by the surface for which the out-
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wardly directed signal is initially parallel to the surface itself, so that the signal is

momentarily neither escaping nor falling into the surface. Calling this 2-surface a

marginal surface, we can define the trapping horizon to be the 3-surface generated

by the foliation of these marginal surfaces [Hayward, 1994]. A special subset of this

definition is the isolated horizon, which is a null 3-surface foliated by marginal sur-

faces [Ashtekar, 2000]. Note that a marginal surface should not be confused with

the concept of a marginally trapped surface, as defined by Hawking and Ellis [1973],

where the expansion is only assumed to be non-positive.

The situation given above is illustrated for a hypothetical space-time in Figure

2.3. It is important to note that these definitions make some assumptions about the

global geometrical and topological structure of the space-time. In particular, it is

assumed that the space-time is asymptotically flat so that the behaviour of ”points

at infinity” is well defined and regular.

        Marginal Surface

Trapped Region

Trapping Horizon

Light Cone

Time

Figure 2.3: A trapping horizon foliated by marginal surfaces is shown here. Inside
trapped regions outwardly directed light signals momentarily fall inwards.
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The benefit of dealing with trapped surfaces is that we only need to consider the

initial behaviour of the emitted signals, without having to mention concepts such as

“escape towards infinity” or to consider the final fate of the space-time region, afford-

ing us a purely local definition. Although the above discussion dealt with a static,

spherically symmetric spacetime, trapped surfaces can be defined more generally and

precisely by considering the kinematics of null geodesics.

Congruences of Null Geodesics

A congruence of curves in some open set in a manifold M is a family of curves

such that for each point in the set exactly one curve passes through it [Wald, 1984,

Townsend, 1997]. We can then specifically consider a congruence of null geodesics ,

where each curve in the family is a null geodesic. These curves are nowhere inter-

secting so that their tangent vectors ℓα define a vector field on the open set. In order

to measure the degree to which geodesics are converging or diverging, we look at the

evolution of the deviation vector ξα between two neighbouring geodesics as a function

of some affine parameter η. This vector is both orthogonal to, and Lie transported

along the geodesics [Poisson, 2004], so that:

ℓαℓα = 0, (2.5)

ℓαξα = 0, (2.6)

ℓα
;βℓα = 0, and (2.7)

Lℓξ
α = 0 ⇒ ℓα

;βξβ = ξα
;βℓβ. (2.8)
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We can introduce the evolution tensor

Bαβ = ℓα;β, (2.9)

which measures the failure of ξα to be parallel transported along the curve [Poisson,

2004]. Notice that Dξα

dη
= ξα

;βℓβ = ℓα
;βξβ = Bα

β ξβ. Since we are concerned with the

degree to which neighbouring geodesics are diverging we only need to look at the

behaviour of ξα transverse to the congruence. That is, the behaviour of ξα within the

surface Σ orthogonal to the congruence. To do so we introduce the transverse metric

hαβ given by

hαβ = gαβ + ℓαnβ + nαℓβ, (2.10)

where nα is some auxiliary null vector field which does not lie in the congruence, for

which we impose nαℓα = −1. To see that hαβ is orthogonal to both ℓα and nα, notice

that hαβℓβ = ℓα − ℓα + 0 = 0, and similarly for nα. Also notice that hα
α = 2 so that

Σ is essentially two-dimensional. We can then calculate the transverse component of

ξα, denoted by ξ̃α, by projecting it with hα
β

ξ̃α = hα
βξβ. (2.11)

The geodesic deviation is now ξ̃α
;βℓβ = hα

µξµ
;βℓβ + hα

µ;βℓβξµ which can be rewritten as

hα
µBµ

βξβ +(nµ;βξµℓβ)ℓα, where we have made use of the fact that ℓαξα = 0. Since ξ̃α
;βℓβ

still has a component parallel to ℓα we need to project it with hα
β again, giving

˜(ξ̃α
;βℓβ) = hα

µ ξ̃µ
;βℓβ. (2.12)
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The Expansion Scalar

We can further rewrite ˜(ξ̃α
;βℓβ) as B̃α

β ξ̃β where B̃α
β is the transverse component of Bα

β

and is equal to hα
µhν

βBµ
ν . Now, we can decompose B̃αβ

into trace, trace-free symmetric

and trace-free antisymmetric parts,

B̃αβ
=

1

2
θhαβ + σαβ

+ ωαβ
, (2.13)

where θ is the expansion scalar , given by the trace B̃α
α , σαβ is the shear tensor given

by = B̃(αβ) − 1
2
θhαβ, and ωαβ is the rotation tensor given by B̃[αβ ]. In the case ℓα

results from an affine parameterization of the congruence, then the following result

also holds

B̃α
α = ℓα

;α, (2.14)

See Appendix A.2. The scalar θ is of particular interest since it is a measure of the

fractional rate of change of the congruence’s cross-sectional area [Poisson, 2004], i.e.

θ =
1

δA

d

dη
δA. (2.15)

We can see this by considering the pullback of hαβ onto Σ, called the induced

metric on Σ, which we will denote by hij, where i and j range over 1,2. Then εij =
√

hǫij is the area 2-form on Σ, where h = det hij, so that
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d
√

h

dη
= Lℓ

√
h

=
1

2
√

h
Lℓh

=
1

2

√
hhαβLℓhαβ

=
√

hhαβℓβ;α

=
√

hℓα
;α

=
√

hθ.

Therefore we see that θ gives the fractional rate of change of the area element along

ℓα on Σ. A detailed derivation is given in Appendix A.1.

Raychaudhuri’s Equation

In order to determine the evolution of θ along the congruence we must first find the

appropriate expression for B̃αβ, or equivalently that of Bαβ since θ = ℓα
;α = Bα

α also.

Bαβ;γℓ
γ = ℓα;βγℓ

γ

= −BαγB
γ
β − Rαγβδℓ

γℓδ.

(See Appendix A.2 for a detailed derivation.) Taking the trace of Bαβ gives the

suitable equation for dθ
dη

= ℓα
α;βℓβ.

dθ

dη
= −BαγBγα − Rαγℓ

αℓγ

= −(
1

2
θ2 + σαβσαβ − ωαβωαβ) − Rαγℓ

αℓγ.
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Finally, this gives the null version of Raychaudhuri’s equation [Wald, 1984, Poisson,

2004]:

dθ

dη
= −1

2
θ2 − σαβσαβ + ωαβωαβ − Rαγℓ

αℓγ. (2.16)

Note that in order to have θ = ℓα
;α, we have assumed that we are dealing with an

affine parameterization of the geodesics, so that ℓα
;βℓβ = 0. In general, we would need

to calculate the trace, θ = B̃α
α .

Null Energy Condition

Consider the quantity Rαβuαuβ where uα is the 4-velocity of some observer. Using

Einstein’s equation Rαβ − 1
2
Rgαβ = 8πTαβ, which we can rewrite as Rαβ = 8π(Tαβ −

1
2
Tgαβ), we can write Rαβuαuβ = 8π(Tαβuαuβ + 1

2
T ) if uα is time-like, or Rαβuαuβ =

8πTαβuαuβ if uα is null. The weak energy condition states that the energy density

measured by an observer whose 4-velocity is uα is non-negative, which is believed to

hold for all classical systems and possibly on average for quantum systems [Wald,

1984]. We therefore have that Tαβuαuβ ≥ 0, and by continuity, this will hold if uα is

null. We therefore have the null energy condition: For all null ℓα,

Tαβℓαℓβ ≥ 0. (2.17)

Focusing Theorem

If the congruence is hypersurface orthogonal , meaning that ℓα ∝ Φ;α for some scalar

field Φ which is constant along the cross section of the congruence, then by Frobenius’

theorem, ωαβ = 0, i.e. the congruence is twist-free. Also, since σαβ has only a
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transverse component, σαβσαβ ≥ 0. We therefore find, using Eqns. (2.16,2.17), that

dθ

dη
+

1

2
θ2 ≤ 0. (2.18)

That is, the second derivative of the congruence’s cross-sectional area with respect to

η is always negative or zero. If the congruence is initially diverging, so that θ0 > 0,

then the rate of expansion will decrease with increasing η. On the other hand, if the

congruence is initially converging, so that θ0 < 0, then θ → −∞ within a lapse of

affine parameter ∆η ≤ 2
|θ0| . Points at which this occurs are called caustics and arise

where null geodesics fail to extremize the proper path length between two conjugate

points. See [Wald, 1984] for discussion.

Trapped and Marginal Surfaces

We can now more precisely define a trapped surface as a 2-surface on which the

expansion of a congruence of outwardly directed null geodesics is negative or zero.

Let ℓα be tangent to the congruence, and define the outward null expansion to be θ(ℓ).

Then a trapped surface is defined by the condition that θ(ℓ) ≤ 0.

We can also define a marginal surface to be trapped surface on which θ(ℓ) = 0, and

where θ(ℓ) ≤ 0 inside the surface. A marginal surface therefore becomes the boundary

of some trapped region in space, [see Wald, 1984]. Recall finally that a trapping

horizon is then the 3-surface foliated by marginal surfaces. We can also make the

definition more restrictive [Hayward, 2002, 1994], and require that the null normal n

have negative expansion on the horizon, i.e. θ(n) < 0.
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2.2 Gravitational Collapse

While the restriction of a problem to spherical symmetry is often made for the purpose

of simplifying the underlying equations, in the case of gravitational effects affords us

with an additional benefit: any physical disturbance that is spherically symmetrical

with regards to some center cannot affect any observer interior to it by gravitational

means. This familiar result from Newtonian gravity retains its validity in GR also.

Therefore we may at times be free to ignore the existence of matter exterior to some

region. Similarly, we may make use of the uniqueness of the vacuum Schwarzschild

solution in spherical symmetry to treat the matter interior to some region as though

it were concentrated at a point in the center.

2.2.1 Adiabatical Spherical Collapse

In order to discuss the collapse of a spherically symmetric distribution of matter

it is necessary to start with the hydrodynamics that determine the collapse. The

general result for a perfect fluid as formulated by Misner and Sharp [1964] begins with

the prescription of the metric in comoving, synchronous coordinates. The spherical

distribution can be built up conceptually from concentric spherical shells each labelled

by a monotonically increasing parameter a, which we shall take to be equal to the

number of baryons interior to the shell of areal radius r at time ts, so that the

wordline of a particular shell is given by a(r, ts). Furthermore, the Schwarzschild

time coordinate ts can be rescaled so that the metric can be written in the form:

ds2 = −e2Φdt2 +

(
1

Γ

∂r

∂a

)2

da2 + r2dΩ2. (2.19)
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By choosing our coordinate system in this way we need to be careful with what is

meant by a synchronous proper time coordinate. We define t to be the lapse of proper

time on a particular shell since the initial state of the system, i.e., the arclength of the

wordline of that particular shell as measured from the hypersurface t = 0. However,

the choice of this hypersurface is arbitrary, so that the evolution of the space-time

will appear different depending on how we perform this initial slicing. With that in

mind, we can still discuss the invariants of the space-time without ambiguity.

Therefore, letting n to be the baryon number density and µ to be the average rest

mass of baryons at a particular point, we can find a in terms of r by integrating over

the number density n and proper volume dV = 4πr2 1
Γ
dr, thus:

a =

∫ r

0

4πr2n

Γ
dr. (2.20)

Note that in this coordinate system we can easily accommodate the region outside

of the matter distribution by foliating this region with shells comprising “imaginary”

massless dust, so that µ = 0.

In this comoving coordinate system, the fluid is at rest, so that the 4-velocity of

the fluid is uα = (e2Φ, 0, 0, 0). Baryon number conservation requires that (nuα);α = 0.

If we use the notation of Misner and Sharp that q̇ = e−Φ ∂
∂t

q, and q′ = ∂
∂a

q, then this

leads to the requirement that

Γ̇

Γ
=

ṙ′

r′
+

(nr2)·

nr2
. (2.21)

A perfect fluid is one in which there are no shear stresses or dissipative forces.

The stress-energy tensor for such a perfect fluid with energy density ρ and pressure
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P is given by

Tαβ = (ρ + p)uαuβ + pgαβ. (2.22)

Here ρ = µn for a fluid with particles having rest masses µ. We can calculate the

mass-energy interior to shell a at time t by integrating over Ttt, thus

m =

∫ a

0

4πr2ρr′da. (2.23)

The equation of local energy conservation, Tαβ
;β = 0, projected along the fluid’s

worldline, can be combined with the equation of baryon conservation to yield,

ρ̇ =
ρ + p

n
ṅ. (2.24)

Additionally, the projection of the energy conservation equation perpendicular to uα

yields the relativistic Euler equation

(ρ + P )uαuβ;α = −P,β − uαP,αuβ, (2.25)

from which we obtain

Φ′ = − P ′

ρ + P
. (2.26)

[see Wheeler et al., 1973]. From the Einstein Field Equations we have that Gαβ −

8πTαβ = 0. This leads to the result that

Γ2 = 1 + ṙ2 − 2m

r
, (2.27)

and

r′
Γ̇

Γ
= Φ′ṙ. (2.28)
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See Appendix A.3 for details.

2.2.2 Pressure-Free Dust

The principal difficulty in including pressure in such an analysis is the formation of

shock fronts resulting from the non-linearity of the equations. The system’s energy

tends to become concentrated into successively higher wavenumbers making a simple

grid-based approach unfeasible. Additionally, the adiabaticity condition breaks down

where shock fronts form so that so that artificial viscosities need to be introduced,

somewhat by trial and error, in order to smooth out the shock transitions while still

satisfying certain junction conditions. Thus the study of pressure-hindered gravita-

tional collapse becomes a study of the hydrodynamics rather than of the relativity

of the problem. For a detailed numerical treatment of the effects of pressure on

gravitational collapse, see May and White [1966, 1967].

LeMâıtre-Tolman-Bondi Spacetime

In order to simplify our analysis and to obtain a parametric solution, we will consider

the collapse in the absence of pressure, or where pressure is negligible. This situation

is described by the so-called LeMâıtre-Tolman-Bondi spacetime family of solutions.

For a review, see Bondi [1947] and Humphreys et al. [1998]. Setting P = 0 leads to

Φ′ = 0, by equation 2.26, from which equation 2.28 implies that Γ is a function of

a only. We can also set Φ = 0 by requiring that the metric yield the Schwarzschild

solution at infinity. From this t becomes a measurement of the comoving proper time

rather than a rescaled time coordinate. These results can readily be used to analyze

the collapse of shells of matter provided that m, the mass enclosed by a particular

shell, remains constant during collapse. Equation 2.27 can then be rewritten as a
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differential equation for r,

ṙ = −
√

Γ2 +
2m

r
− 1. (2.29)

A parametric solution can be obtained as follows [see Gonçalves, 2001]:

t(η, a) = t0(a) + mk− 3
2 (η + sin η), and (2.30a)

r(η, a) =
2m

k
cos2

(η

2

)
, (2.30b)

where k = 1−Γ2 for readability, and η runs from η0 to π, where η0 is a constant to be

determined, which will in general also depend on a. The time derivative of a shell’s

areal radius is given by

ṙ =
dr

dη
/

dt

dη
= −

√
k tan

(η

2

)
. (2.31)

To determine the value t0 for each shell, we note that at η = η0, r = r0, the initial

areal radius of the shell. As t(η0) = 0, equation 2.30a yields

t0(a) + mk− 3
2 (η0 + sin η0) = 0, (2.32)

while η0 is defined by equation 2.31,

r0 =
2m

k
cos2

(η0

2

)
,

so that

η0(a) = 2 arccos

(√
kr0

2m

)
. (2.33)
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We can also use equation 2.30a to define the time to collapse tcol for a particular shell

by setting η = π, giving

tcol(a) = t(π, a) = t0(a) + mπk− 3
2 . (2.34)

2.2.3 Locating the Trapping Horizon

Outward Null Geodesic Expansion

In order to calculate θ(ℓ) we need to define the tangent vector ℓα to the congruence,

along with an auxiliary null tangent vector nα for which ℓαnα = 0. Without obtaining

an affine parameterization with which to define ℓα, we cannot use equation 2.14, so

that we need to calculate B̃α
α directly. Noting that hα

µhν
α = hν

µ, it follows that θ = hβ
αlα;β.

Then ℓα and nα can be chosen as follows,

ℓα = λ(t, a)

(
1,

Γ

r′
, 0, 0

)
and (2.35)

nα =
1

2λ(t, a)

(
1,−Γ

r′
, 0, 0

)
, (2.36)

where λ(t, a) is some arbitrary scaling function. We then obtain,

θ(ℓ) = 2λ(t, a)

(
Γ + ṙ

r

)
. (2.37)

See Singh [1997] for an alternate derivation. Upon substituting in equation 2.31, we

obtain

θ(ℓ)(η, a) = 2λ

(
Γ −

√
1 − Γ2 tan

(
η

2

)

r(η, a)

)
.
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Therefore the equation that defines the trapping horizon is

√
1 − Γ2 tan (η/2) = Γ. (2.38)

Note that we haven’t made any requirement of θ(n). However, it is easily verified

that

θ(n) = 2λ(t, a)

(−Γ + ṙ

r

)
,

so that if θ(ℓ) = 0, θ(n) is automatically less than zero.

2.2.4 Initial Conditions

As our goal is to understand the evolution of trapping horizons rather than the hydro-

dynamics of a particular physical system, considerable freedom exists in the choice of

initial conditions. However, relativity places certain fundamental constraints on these

conditions which need to be considered. Furthermore, in choosing our coordinate sys-

tem we have also made certain assumptions that in general may not universally apply.

When discussing initial conditions we may consider shells falling from rest or,

more generally, collapsing with non-zero initial velocities. An ambiguity exists as to

what these velocities are measured in reference to, since our coordinate system is

by construction comoving. Mathematically, we simply think of the areal radius of

a particular shell as a function of proper time along the worldline of that shell, so

that the velocity is simply the derivative of this function with respect to proper time.

Here, “velocity” is merely a label for ṙ, which is unrelated to the four-velocity of the

shells, vα = (1, 0, 0, 0). A stationary observer momentarily coincident with one of

these shells (who happens to parameterize his space-time according to areal radius)

will measure the space-like component of the shell’s four-velocity to be dr
dτ

. However,
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such an observer is by no means preferred by the physics, and may not even always

be defined.

Furthermore, as mentioned earlier, what is meant by initial conditions is entirely

dependent on our choice of initial hypersurface t = 0. Therefore, while we might

specify that all shells start their collapse from rest, we can just as easily choose a

hypersurface in which some shells have already a evolved to the point where their

velocities are finite, while others have yet to move. While no preferred slicing of

space-time exists, in the case of a collapse starting from rest, we can think of the

slicing as being one with time symmetry [Gonçalves, 2001].

Shell Crossing

Our treatment thus far has made use of the number of baryons interior to a shell as a

label for that particular shell, and we have assumed that this coordinate is co-moving

in that it remains constant throughout the shell’s entire collapse. This assumption

becomes invalid if infalling shells overtake one another during their collapse, and

a shell crossing singularity or shell focusing singularity is said to occur. A shell

crossing singularity is the set of points for which ∂r
∂a

= 0 and r > 0, i.e. r is no longer

a monotonically increasing function of a, while a shell focusing singularity occurs

similarly at r = 0. The condition under which shell-crossing occurs is equivalent to

t′coll < 0 [Gonçalves, 2001].

When dealing with inhomogeneous density distributions, considerable effort is

needed to find a suitable density function that both approximates the situation we

want to study and avoids these shell-crossing singularities. For a distribution collaps-

ing from rest, t′coll > 0 implies

1

m

dm

dr0

<
3

r0

. (2.39)
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However, looking at equation 3.2, it is evident that we can satisfy this requirement

by choosing m(r0) = r3
0m̃(r0) where m̃(r0) is some monotonically decreasing function

of r0 so that

tcol(r0) = π
1√
8m̃

, (2.40)

is in-turn a monotonically increasing function of r0. This can be a useful aid in

determining whether a particular distribution will be well behaved.

Coordinate Singularities

Additional care has to be taken when specifying the initial conditions of the matter

distribution. Specifically, the density and velocity profile must be chosen so that Γ

remains real and nonzero throughout the region being studied. Each shell of initial

areal radius r0 and initial velocity ṙ0 containing mass m(r0) has an associated radius

rm defined by 1+ ṙ2− 2m(r)
rm

= 0. For the coordinate system to remain regular, r must

be greater than rm.

Furthermore, we must also ensure that infalling shells begin their collapse on

timelike curves, so that we may choose a space-like hypersurface that is everywhere

orthogonal to these curves as our initial slicing of the space-time. This is equivalent

to specifying ṙ0 such that ds2 < 0 for vectors tangent to those geodesics. This is

especially important near r = rm where Γ → 0 so that ds2 becomes highly sensitive

to ṙ0.
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Chapter 3

Analytical Treatment

While the baryon parameter a is a useful coordinate for obtaining solution parameters,

the initial areal radius r0 is more suitable for calculation purposes, although either

serves as a good shell label.

3.1 Collapse From Rest

3.1.1 Inhomogeneous Collapse

Some important features of the gravitational collapse can be seen in the restricted

case when all shells begin their collapse from rest. Consider an isolated spherical

distribution of total mass M and initial radius R0. Since the collapse is starting from

rest we must have that R0 > 2M , and in general that r0 > 2m(r0) for all shells. If

any part of the distribution were contained entirely within its gravitational radius

2m, there could not be any stationary frames inside it, as it would constitute a black

hole.

We can analyse both the regions inside and outside the distribution by extending

our coordinate system beyond R0 and taking µ(r0) = 0 for r0 > R0. The shells outside
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the distribution are therefore massless and serve only as coordinate identifiers. The

evolution of each shell is given by equations 2.30a and 2.30b. Since ṙ = 0 when η = 0,

it follows that η = 0 coincides with t = 0. These equations then reduce to

t(η, r0) =

√
r3
0

8m
(η + sin η), and (3.1a)

r(η, r0) = r0 cos2
(η

2

)
. (3.1b)

By equation 2.34, each shell reaches the singularity in a time given by,

tcol(r0) = t(π, r0) = π

√
r3
0

8m
. (3.2)

The equation that defines the trapping horizon is therefore

√
2m

r0

tan
(η

2

)
=

√
1 − 2m

r0

, (3.3)

or equivalently,

ηTH = 2 arctan

(√
r0

2m
− 1

)
. (3.4)

Consider what happens once the entire mass M has collapsed to within its gravi-

tational radius. Equation 2.38 states that a particular shell will intersect the trapping

horizon if and where tan
(

η

2

)
= Γ√

1−Γ2
holds for that shell. Each shell initially outside

the matter distribution has k = 2M
r0

, so that equation 2.30b gives the location of the
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marginal surface to be

r(r0) =
r0

1 + tan2
(

η

2

)

= r0

(
1 − Γ2

)

= r0k

= 2M. (3.5)

Thus all exterior shells which do intersect the trapping horizon do so at the same

radius r = 2M , which is also the event horizon of the newly formed black hole.

We can also ask whether, in addition to the marginal surface that forms at r = 2M ,

there may be other such surfaces that form or vanish inside the matter distribution.

Consider therefore the situation in which the distribution begins its collapse on the

verge of forming a black hole so that initially R0 = 2M + ε where ε is an arbitrarily

small positive value. Since k = 2m
r0

, the analysis leading up to equation by equation

3.5 similarly yields,

rTH(r0) = 2m(r0). (3.6)

We can further combine equations 3.1a and 3.4 to determine the time tTH(r0) at which

the marginal surface forms. From equation 3.6 it is apparent that were the collapse

allowed to continue, each shell would eventually form a marginal surface where, in

the absence of any additional infalling matter, we would normally think of an event

horizon as having been formed.

Another question which arises is whether the two solutions found thus far are

contiguous with one another, and in general, whether these solutions are continuous at

all. In the absence of shell crossing, each shell of initial radius r0 defines a single point

(tTH(r0), rTH(r0)) on the trapping horizon. Therefore the continuity of the trapping
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horizon rests in part on the continuity of m(r0). We must also have continuity in the

value tTH(r0), or, equivalently, in the value ηTH(r0). Combining equations 3.1a and

3.1b with equation 3.6 yields,

ηTH(r0) = 2 arccos



√

2m(r0)

r0


 . (3.7)

Therefore the continuity of m(r0), in addition to the requirement that r0 < 2m(r0),

determines the continuity of tTH(r0).

3.1.2 Oppenheimer-Snyder Collapse

In the case of a homogeneous distribution collapsing from rest, ρ is constant every-

where inside the distribution, so that m = 4
3
πρr3. Therefore, by equation 2.34,

tcol = 1
4

√
3π
2ρ

, so that all shells collapse in the same finite comoving proper time.

Because t(η) does not depend on r, the Oppenheimer-Snyder model is especially

suited for taking spacelike cross-sections of the space time; i.e. surfaces of constant η

are also surfaces of constant time. By making use of equations 3.1a and 3.1b, we can

easily obtain η and r0 at a particular point in the space-time where these equations

are defined. While equation 3.1a has to be inverted numerically, equation 3.1b can

easily be inverted once η is known. Most quantities of interest, including the metric

itself, can then be calculated.

For instance, we may wish to trace the paths of outgoing null geodesics explicitly.

This can be done by numerically solving the differential equation dr
dt

= Γ(r, t)2 using

suitable initial conditions. Γ can be obtained at each point in the iteration by first

calculating η and then r0, finally substituting these values into equation 2.27.
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3.2 General Inhomogeneous Collapse

In the case that shells do not begin their collapse from rest, η = 0 no longer coincides

with t = 0, so that equation 3.1a becomes invalid. However, we can again begin our

analysis starting from equation 2.38. In the case of general inhomogeneous collapse,

we have that Γ(r0) =
√

1 + ṙ2
0 − 2m

r0
so that k = 1 − Γ2 = 2m

r0
− ṙ2

0, therefore

tan
(ηTH

2

)
=

√
1

ṙ2
0 + 2m(r0)

r0

− 1, (3.8)

and

rTH(r0) =
2m

k
cos2

(
ηTH(r0)

2

)

=
2m

k

[
1 + tan2

(
ηTH(r0)

2

)]−1

= 2m(r0), (3.9)

reproducing equation 3.6.
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While the validity of this result in the general case is not entirely surprising, the

reasons for this generality are more subtle. In effect the radius at which a particular

shell forms a marginal surface is entirely determined by the gravitational effect of

all shells interior to it (because of spherical symmetry), which in turn is determined

solely by m(r). We can see this by imagining cutting away the outer layers of the

distribution (which have no effect on the geometry of our chosen shell). The metric at

this point should then correspond to the Schwarzschild metric, which is determined

by m(r). Then since θ(ℓ) depends only on the metric and the choice of ℓα, we see that

the shell velocities do not enter into the location of the marginal surface. Specifying a

non-zero initial velocity merely changes the time tTH at which a shell forms a marginal

surface.

3.3 Classification

Once the trapping horizon is located, its signature can be calculated by determin-

ing the norm of any tangent vector lying on its surface. Since this surface can be

parameterized in an arbitrary way, it is only the sign of this value that is important.

The trapping horizon can be seen as the surface on which r(t, r0) − 2m(t, r0)

becomes zero, so that the normal one-form to this surface is given by ∇α(r − 2m)

evaluated at r = 2m. The tangent vector vα to the surface is defined by vα∇α(r −

2m) = 0 [Booth, 2005], so

vtṙ + vr0 (∂r0
r − 2∂r0

m) = 0

vr0 = −vt

(
ṙ

∂r0
r − 2∂r0

m

)
, (3.10)
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and therefore

||v||2 = gαβvαvβ

= (vt)2

(
−1 +

(∂r0
r)2

1 − k

ṙ2

(∂r0
r − 2∂r0

m)2

)

= (vt)2


−1 +

1

(1 − 2
∂r0

m

∂r0
r
)2




= (vt)24ρA
1 − ρA

(1 − 2ρA)2
,

(3.11)

where we have used the fact that ṙ2 = 1 − k on the trapping horizon, and that

∂r0
m = Aρ∂r0

r where A is the area of the shell. Therefore we can determine whether

the horizon is spacelike, timelike, or null, depending on the sign of 1− ρA. The term

∂r0
r can be calculated explicitly by differentiating equation 2.30b with respect to r0

while holding t fixed, keeping in mind that η depends on r0, according to equation

2.30a, which can in turn be used to determine ∂r0
η.
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Chapter 4

Results

4.1 Oppenheimer-Snyder Collapse

In order to become familiar with some of the general features of gravitational collapse

it is instructive to examine the Oppenheimer-Snyder model in more detail. Starting

with a distribution of uniform density ρ = 1 collapsing from rest, it is easily verified

that r0 = 2m(r0) at r0 = rOS =
√

3/8π ≈ 0.345. Since we cannot have stationary

reference frames inside this radius once a black hole has already formed, we can

either extend the matter distribution beyond this radius and restrict our analysis to

this exterior region, or we can truncate the matter distribution at some point inside

this radius thereby specifying “innocuous” initial conditions. The former approach

presents some difficulties since Γ is undefined here, and does not provide significantly

more insight to the model than the latter. Therefore we may choose the boundary of

our matter distribution to lie at some point interior to rm, say R = 0.95rOS ≈ 0.328.

The collapse of this distribution is shown in Figure 4.1. Note that in this case

all shells reach the singularity at tcol = 1
4

√
3π/2ρ ≈ 0.543. The bold curve indicates

the location of the trapping horizon. The straight horizontal segment of the trapping
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horizon coincides with r = 2M , and forms once the distribution has collapsed to

within its gravitational radius. This segment of the trapping horizon also forms part

of the event horizon for the system.

The sign of θ(ℓ) is also indicated for each of the regions separated by the trapping

horizons. Initially, θ(ℓ) → +∞ as r → 0, while θ(ℓ) → 0 as r → ∞. This can be

understood from a purely geometrical argument: Near the centre of the distribution,

m(r) is small so that gravity has little effect on the expansion of outgoing lightrays.

As r → 0, area A grows as r2 while dA grows as r, so that θ(ℓ) ∼ dA/A ∼ r/r2 = 1/r.

Similarly, far away from the distribution the metric is approximately flat so that

θ(ℓ) ∼ 1/r → ∞ [Booth, 2005].

Once the distribution has become sufficiently dense, gravitational effects become

more significant. In the Oppenheimer-Snyder case, a singularity does not form until

all shells reach r = 0 simultaneously, so that m(r) remains small near the centre.

Therefore the two limits discussed above still hold true. However, a region where θ(ℓ) <

0 forms between these two limits, as indicated in the figure, once the gravitational

effects begin to dominate.

4.2 Inhomogeneous Collapse from Rest

4.2.1 Single Pulse Falling into a Black Hole

While the Oppenheimer-Snyder case is perhaps the simplest solution we can study,

it obscures much of the dynamics we wish to study. The homogeneity and isotropy

conditions are more suited to cosmological models than to stellar collapse, which

generally has lower symmetry. Instead, we can look at perturbations to an already

formed trapping horizon. This can be done by choosing a matter distribution m(r0)
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Figure 4.1: Collapse of 20 concentric shells in the Oppenheimer-Snyder model is
shown here. The areal radius of each shell is plotted as a function of comoving proper
time. R0 ≈ 0.328 and ρ = 1. All shells reach the singularity at tcol(R0) ≈ 0.543. The
trapping horizon is indicated by the bold curve.

with a singularity at r = 0, i.e., a constant term, and a localized gradient correspond-

ing to a diffuse spherical pulse of infalling matter. We can place the bulk of the pulse

outside of the marginal surface formed by the singularity, so that this part of the

trapping horizon converges with the event horizon in the distant past (when a null

ray has sufficient time to escape the infalling pulse).

A suitable mass function which makes use of a Gaussian radial density is given by

m(r0) = mA + mB

∫ r0

0

1√
π

e−(x−rp)2 dx, (4.1)

where mA is the mass of the singularity, mB determines the mass of the pulse, and rp

determines the initial radius of the pulse. The function m(r0) is easily integrated by

making use of the error function. The density and mass profiles for this distribution

are shown in Figures 4.2 (a) and (b), while the conditions that determine the regularity
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of the solutions are shown in Figures 4.2 (c) and (d). In this case the effect of a low-

density pulse on the trapping horizon was studied.
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Figure 4.2: The density and mass profiles for the mass distribution given by m(r0) =
1 +

∫ r0

0
3

4
√

π
e−(x−5)2 dx is shown in (a) and (b) respectively, while it is verified that

shell crossing does not occur as can be seen in (c) and (d).
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Figure 4.3 shows the collapse of this matter distribution, as well as the evolution

of the trapping horizon. As expected, the trapping horizon converges with the event

horizon at times well separated from the collapse event. The trapping horizon grows

continuously between these two limits, and the most pronounced expansion occurs as

the pulse reaches its gravitational radius.

The expansion can be understood in two ways. As the density of the system

increases, more mass is contained within its gravitational radius, moving the marginal

surface (where r = 2m(r0)) outwards. On the other hand, as the mass contained

within shells increases steadily as r0 increases, the time needed for outer shells to

reach their gravitational radii is reduced, pulling the trapping horizon backward.

While this second interpretation is more geometrical than the first, it has the benefit

of treating the trapping horizon as a single three-dimensional surface weaving through

spacetime rather than a collection of two-dimensional marginal surfaces expanding

and shrinking, disappearing and reappearing from time to time.
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Figure 4.3: Collapse of 40 concentric shells is plotted for the mass distribution given
by m(r0) = 1 +

∫ r0

0
3

4
√

π
e−(x−5)2 dx. The areal radius of each shell is plotted as a

function of comoving proper time. The trapping horizon is indicated by the bold
curve.
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Figure 4.4: The signature ||v||2 of the trapping horizon formed by the mass distri-
bution m(r0) = 1 +

∫ r0

0
3

4
√

π
e−(x−5)2 dx, which describes concentric infalling shells, is

shown here as a function of initial radius r0.
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To illustrate what is meant by the trapping horizon being pulled backward by the

infalling matter, we can look at the same density profile as in the previous example,

but with a significantly more massive pulse (in fact, the most massive the model will

support before shell crossing occurs). Again, the density and mass profiles are shown

in Figures 4.5 (a) and (b), while the regularity conditions are shown in Figures 4.5

(c) and (d). As can be seen in Figure 4.5 (d), this density profile just barely avoids

the onset of shell crossings.
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Figure 4.5: The density and mass profiles for the mass distribution given by m(r0) =
1+
∫ r0

0
2√
π
e−(x−5)2 dx is shown in (a) and (b) respectively, while it is verified that shell

crossing does not occur as can be seen in (c) and (d).
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Looking at Figure 4.6, we see that the distortion of the trapping horizon is particu-

larly pronounced. As in the Oppenheimer-Snyder case, an untrapped pocket (denoted

by θ > 0) is created inside the outer gravitational radius, which can be understood

from geometrical considerations. While observers in this region may not be inside

marginal surfaces, they may nevertheless be destined to fall inwards if they cannot

escape the pocket before it shrinks to zero size.
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Figure 4.6: Collapse of 40 concentric shells is plotted for the mass distribution given
by m(r0) = 1+

∫ r0

0
2√
π
e−(x−5)2 dx. The areal radius of each shell is plotted as a function

of comoving proper time. The trapping horizon is indicated by the bold curve.
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Figure 4.7: The signature ||v||2 of the trapping horizon formed by the mass distri-
bution m(r0) = 1 +

∫ r0

0
2√
π
e−(x−5)2 dx, which describes concentric infalling shells, is

shown here as a function of initial radius r0.

For completeness, Figures 4.8 (a) through (c) and 4.9 summarize the same situa-

tion for a range of masses from mB = 0, where no pulse exists, to mB = 2, the case

previously considered.
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Figure 4.8: The density and mass profiles for the mass distributions given by m(r0) =
1 +

∫ r0

0
mB

1√
π
e−(x−5)2 dx is shown in (a) and (b) respectively, while it is verified that

shell crossing does not occur as can be seen in (c) and (d). Here mB ranges between
0 (no pulse) and 2 (an extremely massive pulse).
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Figure 4.9: Trapping horizons resulting from various masses of infalling pulses are
shown here. The mass distributions are described by m(r0) = 1+mB

∫ r0

0
1√
π
e−(x−5)2 dx

where mB ranges between 0 and 2. The areal radius of trapping horizon is plotted as
a function of time.

4.2.2 Concentric Infalling Shells

We can see how the trapping horizon evolves when multiple concentric shells of mat-

ter are allowed to collapse from rest by choosing m̃ to contain multiple steps in a

somewhat regular fashion. This can be done, by no means uniquely, by choosing m̃

for instance to be:

m̃(r0) = mA − mB

∫ r0

0

sin2(αx) dx, (4.2)

where mA and mB specify the strengths of the gravitational sources, while α is a

scaling parameter. The density and mass profiles for this distribution are shown in

Figures 4.10 (a), and (b), while tcol and dtcol

dr0
are shown in Figures 4.10 (c), and (d).

Note also that tcol(r0) contains several plateaus so that multiple shell-focusing events

will occur during the collapse.

The collapse of this distribution is shown in Figure 4.11. While the collapse is
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Figure 4.10: The density and mass profiles for the mass distribution given by
m(r0) = r3

0

(
0.125 − 0.05

∫ r0

0
sin2(10x) dx

)
is shown in (a) and (b) respectively, while

it is verified that shell crossing does not occur as can be seen in (c) and (d). Here
R0, the radius of the outermost shell, is taken to be 3
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qualitatively similar to the Oppenheimer-Snyder collapse (see Figure 4.1), each shell

reaches the singularity in a different comoving proper time. We can think of the

trapping horizon as being dragged along with the infalling mass as local variations in

density tend to accelerate or delay the onset of the trapping horizon at a particular

radius (See Equations 3.1a and 3.7). Also note the occurrence of several shell-focusing

events during the late stages of the collapse, as predicted by Figure 4.10.
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Figure 4.11: Collapse of 40 concentric shells is plotted for the mass distribution given
by m(r0) = r3

0

(
0.125 − 0.05

∫ r0

0
sin2(10x) dx

)
. The areal radius of each shell is plotted

as a function of comoving proper time. The trapping horizon is indicated by the bold
curve.
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Figure 4.12: The signature ||v||2 of the trapping horizon formed by the mass distrib-
ution m(r0) = r3

0

(
0.125 − 0.05

∫ r0

0
sin2(10x) dx

)
, which describes concentric infalling

shells, is shown here as a function of initial radius r0.

We can also model a set of concentric infalling pulses of matter with a density

function of the form ρ ∼ sin2(r0). However, for large values of r0, we would expect that

m(r0) ∼ r3
0, so that m̃(r0) cannot be monotonically decreasing, but instead oscillates

around a central value. Choosing ρ ∼ 1
r0

sin2(r0) gives approximately the correct

behaviour at large values of r0, while ρ ∼ 1
r2
0

sin2(r0) gives the correct behaviour at

all scales (and remains finite as r0 → 0). Furthermore, to ensure that the condition

r0 > 2m(r0) is satisfied, an appropriate scaling factor must be chosen. Taking ρ =

α
r2
0

sin2(βr0), we get that

m(r0) =
α

2
r0 −

α

4β
sin(2βr0), (4.3)

while

r0 − 2m(r0) = (1 − α)r0 +
α

2β
sin(2βr0), (4.4)
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so that we must require that α < 1. In general the requirement that r0 > 2m(r0) will

not be satisfied near the origin, where the sinusoidal term dominates. However, we

can merely exclude this region from our analysis.
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Figure 4.13: The density and mass profiles for the mass distribution given by m(r0) =
0.75

∫ r0

0
sin2(5x) dx is shown in (a) and (b) respectively, while it is verified that shell

crossing does not occur as can be seen in (c) and (d).
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Figure 4.14: Collapse of 40 concentric shells is plotted for the mass distribution given
by m(r0) = 0.75

∫ r0

0
sin2(5x) dx. The areal radius of each shell is plotted as a function

of comoving proper time. The trapping horizon is indicated by the bold curve.

0 1 2 3 4
r0
�������
R0

-0.5

0

0.5

1

1.5

2

2.5

3

v
2

Figure 4.15: The signature ||v||2 of the trapping horizon formed by the mass distribu-
tion m(r0) = 0.75

∫ r0

0
sin2(5x) dx, which describes concentric infalling shells, is shown

here as a function of initial radius r0.
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We can analyse the situation of multiple infalling shells more closely by considering

two successive pulses described by a mass distribution of the form

m(r0) = mA + mB1

∫ r0

0

1√
π

e−(x−rp1)2 dx + mB2

∫ r0

0

1√
π

e−(x−rp2)2 dx (4.5)

where mBi and rpi are the masses and initial radii of the two pulses, respectively. The

density and mass profiles for this distribution are shown in Figures 4.16 (a) and (b).
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Figure 4.16: The density and mass profiles for the mass distribution given by m(r0) =
1+
∫ r0

0
1√
π
e−(x−5)2 dx+1.5

∫ r0

0
1√
π
e−(x−9)2 dx is shown in (a) and (b) respectively, while

it is verified that shell crossing does not occur as can be seen in (c) and (d).
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Looking at Figure 4.17, we can again see that local increases in density have the

effect of pulling the trapping horizon backward through our comoving proper time

coordinate. Thus far this has been given only as a descriptive explanation where it

has been understood that onset of marginal surface formation is hastened by these

increases in density. However, since the shell label and comoving proper time actually

form the basis for our coordinate system, and since the trapping horizon is dependent

on the geometric properties of the manifold, these two descriptions are essentially

equivalent.
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Figure 4.17: Collapse of 40 concentric shells is plotted for the mass distribution given
by m(r0) = 1+

∫ r0

0
1√
π
e−(x−5)2 dx+1.5

∫ r0

0
1√
π
e−(x−9)2 dx. The areal radius of each shell

is plotted as a function of comoving proper time. The shells are weighted according
to their relative densities as a guide to the eye. The trapping horizon is indicated by
the bold curve.
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Figure 4.18: The signature ||v||2 of the trapping horizon formed by the mass distri-
bution m(r0) = 1 +

∫ r0

0
2√
π
e−(x−5)2 dx, which describes concentric infalling shells, is

shown here as a function of initial radius r0.

4.3 Homogeneous Collapse with Initial Velocity

In order to see the effect of non-zero initial velocity on both gravitational collapse

and the formation of the trapping horizon, it is prudent to revisit the case of uniform

initial density. While we may at first choose a constant initial velocity also, caution

is necessary to ensure that the shells move in a timelike manner. For this particu-

lar distribution, the divergence of the 1
Γ2 term requires that we make ṙ0 go to zero

sufficiently fast towards the coordinate singularity. We can satisfy this by taking

ṙ0(r0) = v0 cos

(
π

2

r0

rs

)2

, (4.6)

where v0 and rs are suitable scaling parameters. Again, Figures 4.19 (a) and (b)

confirm that this distribution does not form shell crossing singularities during its

collapse.
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Figure 4.19: The time to collapse, tcol, as well as dtcol

dr0
are shown for a homogeneous

mass distribution with initial velocity profile give by ṙ0(r0) = −0.15 cos
(

π
2

r0

0.329

)2
.

The collapse for this distribution is shown in Figure 4.20. An interesting distinc-

tion from the homogeneous collapse from rest (see Figure 4.1) is that the innermost

region becomes trapped at a much earlier time. In fact, in the Oppenheimer Snyder

case, this region only becomes trapped on the very boundary of the manifold (at the

moment the outermost shell reaches r = 0). In each collapse from rest considered

thus far where an initial singularity was not present, the innermost shells were essen-

tially in flat, unperturbed space, so that these shells did not form marginal surfaces

as quickly as those at greater radii. The effect of imposing a non-zero initial velocity

on the collapse is to cause a singularity to form immediately, so that innermost shells

become trapped during the beginning of the collapse.
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Figure 4.20: Collapse of 20 concentric shells in a homogeneous mass distribution with

initial velocity profile give by ṙ0(r0) = −0.15cos
(

π
2

r0

0.329

)2
is shown here. The areal

radius of each shell is plotted as a function of comoving proper time. R0 ≈ 0.32 and
ρ = 1. The trapping horizon is indicated by the bold curve.
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Figure 4.21: The signature ||v||2 of the trapping horizon formed by a homogeneous

mass distribution with initial velocity profile give by ṙ0(r0) = −0.15cos
(

π
2

r0

0.329

)2
is

shown here as a function of initial radius r0.
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4.4 General Inhomogeneous Collapse

We also can revisit the case of multiple infalling shells (See Figure 4.14), using a

non-zero initial velocity profile. Given a density profile of the form ρ ∼ sin2(r0), we

can avoid shell crossing by forcing denser regions to move more slowly than sparser

ones, while keeping all shells moving in a timelike manner. This can be done by a

velocity profile of the form ṙ0(r0) = cos2(r0)
r0

. The time to collapse, tcol, as well as dtcol

dr0
,

are shown in Figures 4.22 (a) and (b) for this type of distribution.
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Figure 4.22: The time to collapse, tcol, as well as dtcol

dr0
are shown for the mass distri-

bution given by m(r0) = 0.75
∫ r0

0
sin2(5x) dx. Here the initial velocity profile is given

by ṙ0(r0) = −0.15 cos2(5r0)
r0

. It is verified that shell crossing does not occur for this
distribution.

Figure 4.23 shows the formation of the trapping horizon for this matter system.

While it is not fundamentally different from the same density distribution falling from

rest, the same trapped region forms near r0 as in the case of homogeneous collapse

with initial velocity, indicating the formation of a singularity early on in the collapse.
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Figure 4.23: Collapse of 40 concentric shells is plotted for the mass distribution
given by m(r0) = 0.75

∫ r0

0
sin2(5x) dx, and the initial velocity profile is given by

ṙ0(r0) = −0.15 cos2(5r0)
r0

. The areal radius of each shell is plotted as a function of
comoving proper time. The trapping horizon is indicated by the bold curve.
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Figure 4.24: The signature s2 of the trapping horizon formed by the mass distribution
m(r0) = 0.75

∫ r0

0
sin2(5x) dx is shown here as a function of initial radius r0. The initial

velocity profile is given by ṙ0(r0) = −0.15 cos2(5r0)
r0

.
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4.5 Causal Structure

When examining the signatures of the trapping horizons obtained in the above ex-

amples, a difficulty arises with our interpretation of a trapping horizon, or more

specifically, a trapped surfaces, which isn’t immediately evident from the definition

given in Chapter 2. The difficulty arises in situations where the trapping horizon in-

tersects surfaces of constant proper time at multiple points, so that multiple marginal

surfaces form (See Figure 4.25). An observer interior to one of these marginal surfaces

may nevertheless be in an untrapped region (where θ(ℓ) > 0). On the other hand, an

observer just outside the marginal surface, who finds himself inside a trapped region

(where θ(ℓ) < 0) can easily travel through the marginal surface into the untrapped

region Booth [2005]. Therefore the notion of a trapped region enclosed by a trapping

horizon as a region of no escape is not quite correct, so that the trapping horizon

isn’t always a horizon in the regular sense. Nevertheless, an observer caught inside

the outer marginal surface is constrained to fall into the singularity within a finite

lapse of proper time, even though he might move between trapped and untrapped

regions from time to time. This is a consequence of the Penrose-Hawking singularity

theorem; see for example Penrose [1964].
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Figure 4.25: An observer inside a trapped region can momentarily escape into the
untrapped region before becoming trapped again.

4.6 Horizon Signature

It is important to note that the norms ||v||2 of tangent vectors on the horizon go to

zero as the horizon tends towards equilibrium (i.e., when no matter is falling in); see

for example Figures 4.4, 4.7 and 4.18. This is consistent with the requirement that

isolated (non-interacting) horizons be null 3-surfaces [Ashtekar, 2000].

In regions where multiple marginal surfaces exist on the same t = const hypersur-

face, ||v||2 changes sign so that the horizon is at times timelike rather than spacelike.

This observation is at odds with the common assertion that dynamical horizons are ei-

ther spacelike or null [Ashtekar and Krishnan, 2003]. To see how this argument arises,

we can define a vector field V that is tangential to the horizon and that is everywhere

orthogonal to the foliation by marginal surfaces, which also preserves the foliation,

so that LVθ(ℓ) = 0. Furthermore, we can choose ℓ and n such that Vα = ℓα −Cnα for

some scalar field C, which captures the expansion of the horizon. Since VαVα = 2C,
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the horizon is either spacelike, timelike or null depending on whether C is positive,

negative or zero, respectively. Since LVθ(ℓ) = 0, it follows that

Lℓθ(ℓ) = CLnθ(ℓ). (4.7)

From the null Raychaudhuri’s equation, 2.16, it follows that

CLnθ(ℓ) = −Rαβℓαℓβ, (4.8)

where we have used the fact that θ(ℓ) = 0 on the horizon, and we have dropped the

shear and rotation terms for clarity, since these do not affect the argument. From

the null energy condition, which we have assumed to hold, the right hand side of this

equation must be negative or zero. Therefore if Lnθ(ℓ) is taken non-positive, then C

must be positive or zero, so that the horizon must be either spacelike or null. See

Hayward [1994] for a detailed proof.

In our treatment we have lifted the requirement that Lnθ(ℓ) < 0 in order to study

the full richness of the spacetime. The result is that segments of the horizon where

the two definitions do not agree are not formed by outermost marginal surfaces, and

are not technically horizons in the conventional sense, as was discussed in the previous

section. However, these marginal surfaces have quasilocal significance in that they

capture the intuitive notion of a region from in which signals are trapped, if only

momentarily. For a discussion that attempts to refine this intuitive notion of black

hole boundaries in terms of “marginally trapped tubes”, see Booth et al. [2005].
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Chapter 5

Conclusion

While first studying single perturbations of the isolated trapping horizon and sub-

sequently the effects of multiple infalling shells on the space-time, we have observed

both timelike and spacelike, as well as momentary null evolutions. The point at which

a particular shell forms a marginal surface (rTH = 2m(r0), tTH(r0)) was seen to be

related mainly to the density profile in the neighbourhood of that surface, in the sense

that the interplay between gravitational and geometrical effects determine the time

it takes for a particular shell to reach its particular gravitational radius.

The difficulty in selecting initial conditions that are both physically plausible

and well behaved makes the limitations of this model apparent. The occurrence of

shell-crossing singularities can only be prevented by choosing appropriately balanced

density distributions or by introducing interparticle interaction, i.e., pressure, into the

analysis. The latter approach was specifically avoided here because of the problems

associated with shock-front formation. While neglecting the effects of pressure limits

the physical reach of the model, we gain insight into the dynamics of space-time at

considerable economy.
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5.1 Future Work

The tractability of the equations of motion that describe inhomogeneous pressure-free

collapse suggest possible directions for future study, especially for numerical work.

The analysis done here has mainly been concerned with locating trapping horizons

and studying their properties, while only passing mention has been made to the

event horizon when it could be located unequivocally from the vacuum Schwarzschild

solution. It would be interesting to study the relationship between the event horizon

and trapping horizons in cases where the dynamic evolution of the event horizon still

takes place, i.e., before the two horizons finally merge.

Generally, locating the event horizon is equivalent to determining the causal past

of future null infinity, J−(I +), for instance by finding those points in space-time

which are able to reach I + through null geodesics. Because of the relative sim-

plifications afforded by spherical symmetry, only maximal (i.e. radially directed)

geodesics need to be considered. Therefore, in the case where the entire future of the

matter distribution is known, the paths of outgoing light-rays can be solved for, at

least numerically, in order to determine whether those paths eventually terminate on

I +.

A näıve numerical implementation might conceptually place the dynamic region of

the space-time on an adaptive grid which is then surrounded by the vacuum Schwarz-

schild solution. A geodesic originating from a particular grid point could then be

extrapolated towards one of the boundaries of the grid, from where its final fate can

be determined.
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Appendix A

Detailed Derivations

A.1 Derivation of 1√
h
L(ℓ)

√
h = θ(ℓ)

Since h is a scalar quantity, we can use the chain rule, so that

Lℓ

√
h =

1

2
√

h
Lℓh. (A.1)

Now, Jacobi’s classical result for the derivative of a determinant of a matrix A(α)

with respect to a parameter α is

d

dα
detA(α) = detA(α)tr

(
A(α)−1dA(α)

dα

)
, (A.2)
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so that

Lℓ

√
h =

1

2

√
hhαβLℓhαβ

=
1

2

√
hhαβ

(
ℓγhαβ;γ + hαγℓ

γ
;β + hγβℓγ

;α

)

=
1

2

√
hhαβ

(
hαγℓ

γ
;β + hγβℓγ

;α

)

=
√

hhαβhαγℓ
γ
;β

=
√

hhαβℓα;β

=
√

hℓα
;α

=
√

hθ(ℓ),

(A.3)

which completes the derivation.
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A.2 Proof that B̃α
α = Bα

α

B̃α
α = gβ

αhα
µhν

βBµ
ν

= hα
µhν

αBµ
ν

= (gα
µ + ℓαnµ + nαℓµ)(gν

α + ℓνnα + nνℓα)Bµ
ν

= (gν
µ + ℓνnµ + nνℓµ + ℓνnµ − nµℓ

ν + nνℓµ − ℓµn
ν)Bµ

ν

= (gν
µ + nνℓµ + ℓνnµ)Bµ

ν

= Bµ
µ + nνℓµℓ

µ
;ν + ℓνnµℓ

µ
;ν

= Bµ
µ + nνℓµℓ

µ
;ν

= Bµ
µ +

1

2
nνℓµℓ

µ
;ν +

1

2
nνℓµℓ

µ
;ν

= Bµ
µ +

1

2
nνℓµℓ

µ
;ν +

1

2
nνℓµℓµ;ν

= Bµ
µ +

1

2
nνℓµ

µ;ν

= Bµ
µ

A.3 Derivation of Equation of Motion

In order to derive equation 2.27 that governs the collapse of the matter distribution,

we need to make use of the Einstein field equations, Gαβ − 8πTαβ = 0. The stress-

energy tensor is of the form,
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Tαβ =




e−2Φρ 0 0 0

0 P r′2
Γ2 0 0

0 0 Pr2 0

0 0 0 Pr2 sin2 θ




. (A.4)

Therefore we have that Gta = 0, or that

Φart =
raΓt

Γ
,

e−ΦΦart = e−Φ raΓt

Γ
,

Φ′ṙ =
r′Γ̇

Γ
. (A.5)

Additionally, we have that Gtt = 8πρe−2Φ, so that

1

r2
− Γ2

r2
+

e−2Φr2
t

r2
− 2ΓΓa

rra

− 2e−2ΦrtΓt

Γr
+

2e−2Φrtrt,a

rra

= 8πρ

r′

2
− r′Γ2

2
+

ṙ2r′

2
− rΓΓ′ − Γ̇ṙrr′

Γ
+ rṙe−Φra,t = 4πr2r′ρ.

Substituting in equation A.5 we get
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r′

2
− r′Γ2

2
+

ṙ2r′

2
− rΓΓ′ − Φ′ṙ2r + rṙe−Φra,t = 4πr2r′ρ

r′

2
− r′Γ2

2
+

ṙ2r′

2
− rΓΓ′ + rṙ

(
∂ṙ

∂a

)
= 4πr2r′ρ

∂

∂a

(
r

2
− rΓ2

2
+

rṙ2

2

)
= 4πr2r′ρ

Integrating both sides yields the desired result, after some rearrangement,

1 − Γ2 + ṙ2 =
2m

r
. (A.6)
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